In this paper, a multi-spring model is used for modelling of the crack in a micro/nanobeam under axial compressive load based on a modified couple stress theory. This model includes an equivalent rotational spring to transmit the bending moment and an equivalent longitudinal spring to transmit the axial force through the cracked section, which leads to promotion of the modelling of discontinuities due to the presence of the crack. Moreover, this study considers coupled effects between the bending moment and axial force on the discontinuities at the cracked section. Therefore, four flexibility constants appear in the continuity conditions. In this paper, these four constants are obtained as a function of crack depth, separately. This modelling is employed to solve the buckling problem of cracked micro/nanobeams using a close-form method, Euler-Bernoulli theory and simply supported boundary conditions. Finally, the effects of flexibility constants, crack depth and crack location on the critical buckling load are studied.
Introduction
It is clear that presence of cracks or any other defects into any structure leads to a decrease of its capabilities. The issue of cracking in the structures is interested in both macro and small scale dimensions. Thus, presentation of an accurate and appropriate model to capture crack conditions is very important. In many studies, cracks have been modeled by means of different types of springs. The type of the spring model depends on problem type, such as the type of loading and geometry. In fact, kinds of displacements at the cracked section determine what modelling should be selected. For example, a longitudinal spring model is used when the axial displacement is dominant (Hsu et al., 2011) , a rotational spring model is applicable for a wide range of problems in which the angle changes between the crack surfaces are important (Akbarzadeh Khorshidi et al., 2017 Yang and Cheng, 2008) . Structures under torsion incorporate a torsional spring to describe discontinuity at the cracked section (Loya et al., 2014) . Rice and Levy (1972) stated that the presence of a crack leads to a local reduction in bending and extensional stiffness along the crack line. Therefore, it is more accurate to use a model which considers these two local reductions. Akbarzadeh Khorshidi and Shariati (2017a) presented buckling analysis of cracked nanobeams based on a modified couple stress theory and using a two-spring model at the cracked section. The authors used the mentioned model according to the historical background expressed by Rice and Levy (1972) and the discontinuity relations presented by Loya et al. (2009) .
In majority of recent studies on static and dynamic behavior of micro/nanobeams in the presence of a micro or nano-scale crack, the flexibility constant which introduces the crack severity is considered as a hypothetical input. However, there are studies which formulate the severity of the crack as a function of the crack depth, the material length scale parameter and other mechanical characteristics of the beam (Shaat et al., 2016; Akbarzadeh Khorshidi et al., 2017) . These papers use energy stored in the spring and compare it with the strain energy release rate at the crack surfaces.
In the present study, the two-spring model is employed to describe discontinuities at the cracked section and, consequently, four flexibility constants appear, which gives the severity of the crack. Each flexibility constant is presented as a function of crack depth (as an unknown parameter) and other parameters (given values). Therefore, the continuity relations are formulated against the crack depth. The macroscopic fracture mechanics is used for micro/nano-scale beams based on atomistic simulation models and continuum models (Joshi et al., 2010; Tsai et al., 2016; Hu et al., 2017) . Then, a modified couple stress based solution is proposed for buckling analysis of the cracked beams.
Modelling
Consider an Euler-Bernoulli beam with length L, width b, thickness h and a crack with depth a is located at distance L c from the left side of the beam (Fig. 1a) . In the present modelling, the cracked beam is modelled as two separate segments connected by two massless elastic longitudinal and rotational springs (Fig. 1b) . Therefore, the total strain energy of the cracked beam is equal to the strain energy of these two segments plus the strain energy stored in the springs. With this explanation, the released potential energy due to the presence of the crack is equal to the strain energy stored by the springs. The continuity conditions governed between the two beam segments are defined as follows (Akbarzadeh Khorshidi and Shariati, 2017a; Loya et al., 2009)
where ∆θ is the difference in the rotation angles between two crack surfaces (or the angle rotated by the rotational spring) and ∆u is the longitudinal displacement occurred at the cracked section (or amount of longitudinal spring compression). N and M are, respectively, the axial force and the bending moment. Also, K M M , K M N , K N N and K N M are four coefficients to represent the coupled effects between the axial force and bending moment in discontinuity relations. Therefore, the strain energy of springs U springs is stated as
Based on generalized Irwin's (Irwin, 1960) relation, the potential energy-release rate G is introduced as (Rice and Levy, 1972 )
where E is Young's modulus, ν is Poisson's ratio, σ and Y , respectively, reflect the stress and a dimensionless function of the crack depth to thickness ratio a = a/h. Indices t and b represent the status of the parameters in tension and bending, respectively. When a cracked beam is subjected to compression, it senses a local compliance at the cracked section, and the zones around the crack tend to open the crack lips. Based on the stress concentration at the crack tip, a uniform stress field distributes along the beam thickness (see Akbarzadeh Khorshidi and Shariati, 2017b) . Therefore, the crack lips suffer stretching and bending (Fig. 2) . The bending stress and tensile stress (thickness average stress) defined in Eq. (2.3) are shown as
where I in Eq. (2.4) 1 represents the moment of inertia and, for a rectangular cross section, is equal to bh 3 /12. Also, A in Eq. (2.4) 2 denotes the cross section area and, for the mentioned cross section, is equal to bh. The strain energy due to the presence of the crack is obtained as
Substituting Eqs. (2.3) and (2.4) into Eq. (2.5), we have
where a = a/h introduces the crack depth to thickness ratio. 
As we know, the stress resultants introduced in Eqs. (2.1) and (2.2) (the bending moment M and the axial force N ) are defined as
where M 1 is the conventional bending moment and M 2 is the couple moment that comes from the modified couple stress theory proposed by Yang et al. (2002) . The displacement field for the Euler-Bernoulli beam is
where u and w are the axial and lateral displacements of the midplane, respectively. Therefore, the nonzero strains and stresses are shown as
Also, the nonzero terms of the symmetric curvature tensor χ and the deviatoric part of the couple stress tensor m are defined as (Akbarzadeh Khorshidi and Shariati, 2017a; Yang et al., 2002)
These tensors consider the couple stress effects in the modified couple stress theory, and ℓ is a material length scale parameter to capture the size effect (Yang et al., 2002) . µ = E/(2 + 2ν) is the shear modulus. Now, substituting Eqs. (2.12) into Eq. (2.10), we have
where D eff = EI + ℓ 2 GA is the effective beam stiffness obtained based on the modified couple stress theory. According to Eq. (2.14), we can rewrite Eq. (2.1) as
where
Thus, we have
Using Eqs. (2.7) and (2.8), and integrating from Eqs. (2.16), the flexibility constants are obtained as functions of the crack depth to thickness ratio, and they are represented as follows 
Solutions
According to the Euler-Bernoulli beam theory, the governing equations for buckling of a cracked micro/nanobeam are derived as (Akbarzadeh Khorshidi and Shariati, 2017b)
Here the subscript i = 1, 2 refers to the left and right segments of the cracked beam. The boundary conditions of a simply supported beam are expressed as
The general solution to Eqs. (3.1) can be obtained as
and H i are unknown constants to be determined from the boundary and continuity conditions. Applying continuity conditions (2.15) and boundary conditions (3.2) into Eqs. (3.3) , the unknown constants are derived as
The critical buckling load can be obtained by solving Eq. (3.5). For example, when we have
This is quite similar to the results obtained by Mohammad-Abadi and Daneshmehr (2014) for modified couple stress based intact microbeams.
Using Eq. (3.5), the critical buckling load corresponding to each crack depth and crack location can be determined. Also, the present model (four flexibility constants) can be compared with the common model (only one constant) by removing the other constants. Moreover, the coupled effects between the bending moment and axial force can be evaluated by neglecting the crossover flexibility constants (K M N and K N M ).
Thus, the following equation can be used when only one flexibility constant K M M is employed
Also, the following equation can be used when the crossover flexibility constants are removed
Results
To illustrate the flexibility constants effects on the buckling behavior of cracked micro/nanobeams, some numerical examples of the obtained solution are presented in this Section. Also, the effects of the crack depth and crack location on the critical buckling load are investigated. First, the obtained results are validated with (Ke et al., 2009; Wang and Quek, 2005 ) for macro-scale cracked beams (ℓ = 0). This comparison can be observed in Table 1 , so that P = P cr /P cr0 is the nondimensional critical buckling load (where P cr0 denotes the critical buckling load of an intact beam). In (Ke et al., 2009; Wang and Quek, 2005) , only one flexibility constant K M M (one equivalent rotational spring model) was employed, so, the present results have two separate columns for the one-spring model where we have only K M M and the twospring model where all flexibility constants appear. In Table 1 , each crack depth corresponds to the crack severity, for example, a/h = 0.1 corresponds to K M M = 0.01 (this parameter is introduced with symbol Θ in (Ke et al., 2009) ). Table 2 and Figs. 3-6 present the critical buckling load for cracked micro/nanobeams based on the modified couple stress theory and the two-spring model. All results are obtained as a parametric study where ν = 0.33, L/h = 10 and ℓ/h = 0.5. The present study is applicable for both micro and nano-scale problems (this issue is dependent on the scale of the material length scale parameter). Table 2 presents nondimensional critical buckling loads for different crack depths. In this table, three types of nondimensional critical buckling loads are shown, where each load denotes a special case of the flexibility field. P 1 is the nondimensional critical buckling load for the one-spring model where we have only K M M (conventional model), P 2 is for the two-spring model, but the crossover flexibility constants are vanished (the coupled effects between the axial force and bending moment are neglected) and P 3 is for the two-spring model where all four flexibility constants are considered. The results of Table 2 indicate that there are some differences between P 3 and P 1 , and this discrepancy increases when the crack depth is increased. Also, comparison between P 2 and P 1 reveals that the use of two springs without consideration of the crossover constants has no considerable impact on the obtained results. Figure 3 approves Table 2 , graphically. It is found that the two-spring model presents a greater buckling capacity of cracked beams than the conventional model. Therefore, it is found that the local flexibility at the cracked section (crack severity) caused by a particular crack depth is different for the one-spring model P 1 and the two-spring model P 3 . The effect of crack location is shown in Fig. 4 for different crack depths. This figure indicates that the crack has the greatest sensitivity when it is located in middle of the beam (L c = 0.5L). When the crack approaches the two ends, its effect is continuously decreased. This fact is directly related to deformation of various points of the beam and, finally, the opening of the crack tip. Also, variations of the nondimensional critical buckling load versus crack depth are demonstrated in Fig. 5 in different crack locations. It is observed that not only the increasing of the crack depth leads to a decrease in the buckling resistance of the beam, but also makes the effect of crack location more considerable. 
Conclusion
The flexibility constants of the cracked section are investigated using a multi-spring model (rotational and longitudinal spring) to describe local flexibilities and discontinuities at the cracked section of micro/nanobeams. This model not only promotes the discontinuities but also considers the coupled effects between the bending moment and axial force on the discontinuities due to the presence of the crack. Then, the buckling problem is solved for cracked micro/nanobeams and the influence of crack depth and crack location is studied. Also, different configurations of the flexibility constants are compared together. The results show that the flexibility constant related with the bending moment (KMM) has the greatest impact on the local flexibility due to the crack (crack severity). But, this crack severity changes by adding more flexibility constants. It is found that the coupled effects between the bending moment and axial force (crossover constants) are considerable, and the making use of the multi-spring model without consideration of the crossover constants will not be useful. Therefore, the use of four constants (multi-spring model) instead of only one (conventional model) estimates the buckling capacity better, and this difference increases with an increase in the crack depth.
